The theoretical models for the deformation of a liquid drop impinging on a solid flat surface at the initial and late stages are proposed. It was found that at the initial stage of the drop impact, the thickness of the emerging film decreases rapidly along its radius r, as r −6 , that is similar to the splash jet induced by the blunt-body impact on the liquid surface. The thickness of the film levels off with time due to the viscous force, and the late stage of the drop spreading is controlled by the action of viscous and capillary forces. The influence of the capillary forces is localized in the vicinity of the triple line, and it causes the formation of the thick border ͑blob͒ on the edge of the spreading drop. An analytical solution of the model in viscous limit reveals that the minimum film thickness scales as Re −2/5 and the drop maximum radius in its maximum extension as Re 1/5 . The analytical solution for the dynamics of the blob mass growth is also obtained. The kinetic energy of the drop at its maximum extension remains greater than zero in the drop-spreading process even accounting for viscous effect.
I. INTRODUCTION
The problem of the impact of a liquid drop on a solid surface, being complex due to various physical phenomena involved, deals with various time scales from nanoseconds for the supersonic stage of impact up to hundred milliseconds while the drop takes its equilibrium shape. Hardly ever this diversity of the physical phenomena can be described within the framework of a single comprehensive model. However, there is the reason to think that some of the particular stages of the drop impact could be formulated and solved separately. With this in mind, we propose theoretical models and analytical solutions for the drop spreading on the initial and late stages of a liquid drop impinging on a solid flat surface.
The impact of a liquid drop on a solid surface serves as the basic building block for many practical processes, such as thermal spray deposition and spray cooling, ink jet technology, and precision solder drop deposition. Therefore, a fundamental understanding of the hydrodynamic phenomena associated with the drop impact is crucial for the process development and further advancement. The various aspects of this problem have been the objects of the extensive experimental and theoretical study. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] Because of the complexity of the hydrodynamical aspects of the drop impact problem caused by strong deformation of the free surface of the drop, the exact solutions can be obtained only for initial stage of drop impinging. 14, 15 Since one of the objectives of the drop impact studies is to determine the maximum spread of a drop, several simple models have been proposed, 1, 4, 8, 16, 17 based on the drop energy balance that equates the initial drop kinetic energy to the change in surface energy due to drop deformation and the work against viscous forces. Bennet and Poulikakos 18 have reviewed the use of such models in predicting the maximum spread diameter. These models assume that the kinetic energy vanishes at the instant of the drop maximum extension. However, Lugscheider et al. 19 have shown that when the thick border ͑blob͒ forms on the edge of the wall liquid sheet, induced by drop impact on solid surface, the kinetic energy of the liquid remains greater than zero at the instant of the drop maximum extension. The blob appearance is typical for liquid-metal droplet impinging on a stationary flat plate. 2, 17, 20 In the study of impinging liquid-tin droplet, Fukai et al. 7 revealed the occurrence of drop recoiling and mass accumulation around the spreading drop periphery in both experiments and numerical solution of the Navier-Stokes equations with consideration of the surface tension effect. The theoretical studies 20, 21 of the blob formation on the wall fluid sheet in the inviscid approximation have shown that the blob speed relative to the wall liquid sheet is U b = ͓͑1 − cos a ͒ / h͔ 1/2 , where and are the surface tension and density of the liquid, respectively, a is the advancing contact angle, and h is the thickness of the fluid sheet before the blob. This result with accuracy to a constant multiplier coincides with the receding speed of the blob on an initially stationary fluid sheet surrounded by another fluid. 22, 23 Song and Tryggvason 23 conducted a numerical investigation, which demonstrates that in the case of free fluid sheet, the edge forms a two-dimensional drop that is connected to the rest of the sheet by thin neck and capillary waves propagate into the undisturbed sheet. Similar phenomena occur also in the impact of molten tin droplets on a stainless steel surface that is clearly visible in a number of pictures in Aziz and Chandra. 17 Thus the following scenario can be put on the base of the dynamics of wall fluid sheet induced by the drop impact on a solid surface.
Due to the action of capillary forces on the edge of the fluid sheet, the blob forms, moves upstream relative to the fluid sheet with the speed U b , enlarges with time, and consumes the mass and momentum of the drop fluid. In the stationary reference frame, the velocity of the edge of the wall fluid sheet U e is equal to the difference between velocity of the fluid, u l , and U b , i.e., U e = u l − U b . Under the action of viscous forces, the velocity of the liquid decreases and the speed of the blob increases at the same time due to a decrease in the fluid sheet thickness. The edge of fluid sheet comes to a halt at the instant when U e = 0. Recently, Fedorchenko The influence of the viscosity has to be taken into account at We/ Re 1/2 Ͼ 1. To do this, the "sheet flow" equations 21, 24 are modified by term accounting for viscous drag. An analytical solution to the equations shows the existence of the minimum film thickness and gives the instantaneous profile of the radial velocity and thickness of the spreading drop. These equations along with the ones for the blob mass and momentum balance, describe completely the late stage of the capillary-viscous drop spreading.
II. INITIAL STAGE OF DROP SPREADING
In the initial stage ͑t Ӷ U 0 / D 0 ͒ of drop impact on a solid surface, experimental and numerical studies 25, 26 show the emergence of a high-speed jet with a thickness that declines rapidly over the length of the jet. Peculiarities of the fluid flow during this stage, namely, the inertia-dominated character of the flow and smallness of its transverse linear scale, make it possible to find an analytical solution for the instantaneous thickness distribution of the jet. To this end, let us consider a drop of radius R 0 and velocity −U 0 ͑U 0 Ͼ 0͒ impinging perpendicularly on a flat rigid surface. The instantaneous radius r c ͑t͒ of the contact area and the contact line velocity u c ͑t͒ = dr c / dt are geometrical features of the impact, and can be obtained by considering the movement of the circle of intersection between a perfect sphere and the target plane. 27, 28 As depicted in Fig. 1 , by introducing a system of coordinates with the origin at the impact point and the z-and r-axes directed towards the drop and parallel to the surface, respectively, we obtain for t
where D 0 =2R 0 , cos =1−U 0 t / R 0 Ϸ 1. In order to find the velocity of the splash jet u j , we proceed as follows. 29 We examine a small vicinity of the contact line shown in Fig. 1 and pass to a moving reference frame with velocity u c . In such a coordinate system, the fluid velocity vector uЈ makes an angle with the solid surface. In this formulation, our problem is similar to that of the oblique impact of a jet with a flat rigid surface, 30 the solution to which shows that the radial flow velocity coincides with uЈ. Thus, the jet velocity u j relative to the stationary reference frame is the sum of the velocity u c at which the junction A of the liquid and the solid ͑see where sin = r c ͑t͒ / R 0 . Accounting for Eq. ͑2͒, we finally find
The instantaneous thickness of the film at its base, h 0 ͑t͒ = h͓r c ͑t͔͒ can be obtained by equating the volume flux from the impacting sphere r c 2 U 0 and volume flux through jet 2r c u j h 0 , giving
It is worth mentioning that to account for the mass conservation correction to the geometric law r c we have to consider the radial coordinate of the splash jet base as Cr c ͑r c → Cr c ͒, where C is a constant. Since it does not change our final result, the constant C is equal to 1 in our consideration for simplicity.
Since the emerging film flow is inertia-dominated at the initial stage, it is governed by the "sheet flow" equations: 21, 24 u t + uu r = 0, ͑6͒
It is easy to verify that the velocity u = r / t satisfies both the initial condition given by Eqs. ͑4͒ and ͑6͒. Then, we arrive at the following initial-value problem for h: 
The initial condition given by Eq. ͑9͒ follows immediately from Eqs. ͑1͒ and ͑4͒. Multiplying Eq. ͑8͒ by r and introducing new variable H = hr 2 yields
Upon integrating Eq. ͑10͒ along the characteristic dr / dt = r / t we obtain
where F is an arbitrary differentiable function. The particular form of this function can be derived by satisfying the initial condition, Eq. ͑9͒, as follows:
From Eq. ͑12͒ it is readily to find that F͑x͒ = constϫ x −4 , where const= U 0 4 D 0 3 / 2. Hence, the solution given by Eq. ͑11͒ reads
shows that the thickness of the emerging film decreases rapidly along its length, as r −6 , that makes it similar to the splash jet induced by the blunt-body impact on the liquid surface. 15 As the time increases, the thickness of the film levels off due to the viscous force, and the drop spreading is controlled by the action of the viscous and capillary forces in the late stage.
III. ACCOUNTING FOR VISCOUS EFFECTS IN THE LATE STAGE OF DROP SPREADING
As shown in Fedorchenko and Wang, 21 the fluid flow is described by Eqs. ͑6͒ and ͑7͒ during the late stage of the drop spreading, i.e., when the drop assumes the disk-like shape with the ratio of the instantaneous thickness to the contact diameter much less than unity. At the beginning of the late stage, at t = t 0 , the thickness, radius, and velocity of the disklike drop can be characterized as h 00 = h 0 ͑0͒, r 0 , and b = u 0 Ј͑0͒, where h 0 ͑r͒ and u 0 ͑r͒ are the drop thickness and the velocity distributions at t = t 0 , respectively. The parameters b, h 00 , and r 0 can be found by equating the volumes and kinetic energies of the drop before impact and at the instant t 0 , and assuming that the velocity of drop's apex is U 0 at this instant:
U 0 = 2bh 00 . ͑16͒
Solving Eqs. ͑14͒-͑16͒ yields
It is worth noting that Eqs. ͑6͒ and ͑7͒ can be considered as the continuity and momentum equations been averaged over the film thickness. 24 Therefore, to take into account the viscous friction on solid surface, it is enough to add into the right-hand side of Eq. ͑6͒ the term − w / h, where w = ͑‫ץ‬u / ‫ץ‬z͒ z=0 . For the parabolic velocity profile in the film it is easy to show 31 that w =3u / h and Eq. ͑6͒ takes the form
We seek the solution of Eqs. ͑7͒ and ͑21͒ in the form of linear profile of radial velocity u = B͑t͒r and constant over radius and time dependent spreading drop thickness h͑t͒. Substituting these expressions into Eqs. ͑7͒ and ͑21͒ yields
On translation t → t − t 0 , the initial conditions read
Introducing a new variable x = h −1/2 , Eqs. ͑22͒ and ͑23͒ can be reduced to one differential equation of the second order
Accounting for the initial condition ͑dx / dt͒ t=0 = bh 00 −1/2 , which follows from Eq. ͑23͒, Eq. ͑25͒ can be solved by quadratures
shows that there exists a minimum thickness, h min , which makes the denominator in integrand of Eq. ͑26͒ vanish:
Substituting Eqs. ͑17͒ and ͑18͒ for b and h 00 in Eq. ͑27͒ yields
The diameter of the drop at its maximum extension, d max , can be found by equating the drop volumes before and after impact: at Re = 100 000 in Fig. 3 
IV. EFFECT OF CAPILLARY FORCES ON DROP SPREADING
As previously mentioned, the physical mechanism of the capillary forces influence on the dynamic of drop spreading was discussed by Lugscheider et al. 19 Fedorchenko and Wang 21 suggested the mathematical model for the inviscid drop spreading, accounting for the blob formation on the edge of spreading drop. Here, the main outcomes and governing equations of this theory shall only be repeated briefly for the sake of completeness.
The edge of a spreading drop involves a moving contact line, which is the intersection of a liquid phase, ambient air, and a solid substrate. In the vicinity of the drop's edge, the effect of the capillary forces is significant. Since the shape of the spreading drop is far from that in equilibrium, capillary forces try to deform the leading edge of the drop forming the blob. Under the action of capillary force F = ͑1 − cos ͒, where is the dynamic contact angle, the blob moves towards the spreading drop, absorbing the mass and momentum of the wall sheet. When the speed of the blob relative to the liquid becomes equal to the velocity of the liquid in the sheet, the blob comes to a stop. At this moment, the value of the blob coordinate r b is the maximum radius of the spreading drop. After that the blob starts moving towards the center of the drop and the drop begins to recede. 
Governing equations and solution method
As shown in Fedorchenko and Wang, 21 the dynamics of the blob motion is described by the following equations written in cylindrical coordinates: balance of mass
where m = r b M is the mass of the blob per one radian, M is the mass of the blob per unit length, r b and V = dr b / dt are the coordinate and the velocity of the blob's center of mass, respectively. The first term in the right-hand side of Eq. ͑38͒ is the momentum flux from the spreading drop into the blob, and the second one is the capillary force imposed on the blob. We assume that the dynamic contact angle accepts constant values 1 and 2 during advancing and receding stages, respectively. Equations ͑37͒ and ͑38͒ are supplemented by the following initial conditions:
which mean that at the initial time the blob mass is zero and its coordinate is r b0 . The third initial condition follows from Eqs. ͑37͒ and ͑38͒ accounting for the initial conditions, Eq. ͑39͒:
shows that a speed of the blob relative to the liquid is equal to ͓͑1 − cos 1 ͒ / ͑h 00 ͔͒ 1/2 . Equations ͑35͒-͑40͒ describe the late stage of the drop spreading in inviscid approximation and allow us to evaluate the drop radius at its maximum extension r max and the drop oscillation frequency f while the drop takes the equilibrium shape without numerical solution of Eqs. ͑35͒-͑40͒: To obtain the governing equations describing the dynamics of the capillary-viscous drop spreading, we have to substitute u͑r b , t͒ = B͑t͒r b into Eqs. ͑37͒ and ͑38͒, accounting for Eqs. ͑17͒-͑19͒. Then Eqs. ͑37͒-͑40͒ can be rewritten in the following dimensionless form: ͪ.
͑48͒
Substituting Eq. ͑48͒ into Eq. ͑45͒ and accounting for Eqs. ͑31͒ and ͑32͒, Eq. ͑48͒ takes the following form:
together with Eqs. ͑31͒-͑35͒ and ͑44͒, and the initial conditions given by Eqs. ͑46͒ and ͑47͒ describe completely the capillary-viscous drop spreading in the late stage.
The initial value problem, Eqs. ͑46͒, ͑47͒, and ͑49͒ is solved using the finite difference scheme. To simplify the notation, we omit the sign of the nondimensionalization in subsequent expressions.
Introducing the time grid t i = t i−1 + ⌬t, Eq. ͑49͒ at a point t i can be represented in the following finite-difference form:
Coefficients in Eq. ͑50͒ are determined by the following expressions:
A 02 = − 6͑⌬t͒
where f ͑We, ͒ϵ͑1 − cos ͒ /We. The values of r b0 and r b1 are determined from initial conditions, Eqs. ͑46͒ and ͑47͒.
In the process of solving Eq. ͑50͒, it has been found that the equation has three real roots at each time step; two are always positive and the remaining one is negative. Selection of the smaller positive root gives the solution of the initialvalue problem.
V. RESULTS AND DISCUSSION
To facilitate the qualitative analysis of the role of viscous and capillary forces and their relative influence on the dynamics of drop spreading, the equation of the blob motion is conveniently written in the following form: The first and second terms in the right-hand side of Eq. ͑55͒ are responsible for viscous and capillary effects, respectively.
As shown in Fig. 4 , the numerical solutions for the kinematic model, Eqs. ͑31͒-͑33͒ and ͑55͒ and the dynamic one, Eqs. ͑31͒-͑33͒ and ͑46͒-͑49͒, agree well with each other in the qualitative sense for the drop spreading at We= 16 and Re= 1200. The inviscid solution, Eq. ͑41͒, gives a slightly higher value for the maximum radius in comparison with those of the dynamic model.
It should be borne in mind that the aforementioned inequalities, We/ Re 1/2 ഛ 1 and We/ Re 1/2 Ͼ 1, serve only as an order of magnitude estimate for the relative influence of capillary and viscous forces on the drop spreading. The actual boundaries of the capillary, capillary-viscous, and viscous regions should be determined by a numerical solution of the dynamic model of the drop spreading. Figure 5 displays the Reynolds number effect on the drop-spreading dynamics at the moderate value of Weber number ͑We= 16͒ for different Reynolds numbers ͑Re= 240, 500, and 1200͒. The value of We/ Re 1/2 varies from 0.46 at Re= 1200 to 1 at Re= 240. It is apparent that r b * depends weakly on Re in this We/ Re 1/2 -range. This result is consistent with the previous predictions. 21 It is important to compare the values of the dimensionless minimum thickness h min * given by Eq. ͑28͒ with the thickness of the drop at its maximum extensions h * ͑t max ͒. Equation ͑28͒ gives h min * of 0.06, 0.044, and 0.031 at Re= 240, 500, and 1200, respectively, whereas h * ͑t max ͒ = 0.114, 0.105, and 0.101, correspondingly. The h * ͑t max ͒-values are two times bigger than h min * . This means that, according to the aforementioned sense of h min * , the kinetic energy of drop at its maximum extension is not equal to zero. Figure 6 demonstrates the effect of the Reynolds number on the time variation of the spreading drop radius at high Weber number ͑We= 160͒. According to Eq. ͑55͒, a speed of the blob in this case is about 1 / 3 of the previous case ͑We =16͒, the maximum splat radius is therefore expected to be higher. Indeed, the comparison of Figs. 5 and 6 shows that the maximum radius at We= 160 is about 1.6 times higher than that at We= 16 and the same Reynolds number ͑Re = 240͒. It shows clearly that the maximum splat radius changes essentially in the Reynolds number range from 240 to 12 000 ͑We/ Re 1/2 varies from 10.3 to 1.46͒, i.e., the viscosity plays an important role. When the We/ Re 1/2 ratio decreases and approaches to 1 ͑We/ Re 1/2 is about 1.1 at Re = 20 565, the dependence of Re becomes weaker and the value of the maximum spread radius tends to the value given by inviscid solution of Eq. ͑43͒.
According to results reported by Trapaga and Szekely, 12 the rate of spreading is relatively insensitive for We= 200 to 2000 and Re= 100 to 10 5 , whereas Fukai et al. 7 showed that the maximum splat radius depends essentially on the Weber number in this range, and the instant when the maximum splat radius is achieved is shifted towards later times with increasing values of We. To clear up this situation and find out the effect of the Weber number on the dynamics of drop 
VI. CONCLUSION
This paper presented theoretical models for the spreading of a liquid drop impinging on a solid flat surface in the initial and late stages. The analytical solution obtained for the initial stage of the drop impact has shown that the emerging film thickness decreases rapidly along its length r, as r −6 , that makes it similar to the splash jet induced by the bluntbody impact on the liquid surface. 15 The thickness of the film levels off with time due to the viscous force, and the drop spreading in the late stage is controlled by joint action of the viscous and capillary forces. For the late stage of drop spreading, the viscous and capillary effects have to be taken into account. The capillary forces cause the blob formation on the edge of spreading drop, and the appearance of blob changes essentially the dynamics of drop spreading. Namely, under the action of capillary forces, the blob moves towards the spreading drop, absorbing the mass and momentum of the thin wall sheet. When the speed of the blob becomes equal to the velocity of the liquid sheet, the blob comes to a stop. At this moment, the value of the blob coordinate r b is the maximum radius of the spreading drop. After that, the blob starts moving towards the center of the drop, and the drop begins to recede. The dimensionless speed of the blob 
